4 and c ∈ (−d, d) be relatively prime integers, and let r(d) be the product of all distinct prime divisors of d. We show that for any sufficiently large integer n (in particular n > 24310 suffices for 4 d 36) the least positive integer m with 2r(d)k(dk − c) (k = 1, . . . , n) pairwise distinct modulo m is just the first prime p ≡ c (mod d) with p (2dn − c)/(d − 1). We also conjecture that for any integer n > 4 the least positive integer m such that |{k(k − 1)/2 mod m : k = 1, . . . , n}| = |{k(k − 1)/2 mod m + 2 : k = 1, . . . , n}| = n is just the least prime p 2n − 1 with p + 2 also prime.
Introduction
To find nontrivial arithmetical functions taking only prime values is a fascinating topic in number theory. In 1947 W. H. Mills [M] showed that there exists a real number A such that ⌊A 3 n ⌋ is prime for every n ∈ Z + = {1, 2, 3, . . . }; unfortunately such a constant A cannot be effectively found.
For each integer h > 1 and sufficiently large integer n, it was determined in [BSW] the least positive integer m with 1 h , 2 h , . . . , n h pairwise distinct modulo m, but such integers m are composite infinitely often. In a recent paper [S] the author proved that the smallest integer m > 1 such that those 2k(k − 1) mod m for k = 1, . . . , n are pairwise distinct, is just the least prime greater than 2n − 2, and that for n ∈ {4, 5, . . . } the least positive integer m such that 18k(3k − 1) (k = 1, . . . , n) are pairwise distinct modulo m. is just the least prime p > 3n with p ≡ 1 (mod 3). When d ∈ {4, 5, 6, . . . } and c ∈ (−d, d) are relatively prime, it is natural to ask whether there is a similar result for primes in the arithmetic progression {c, c+d, c+2d, . . . } since there are infinitely many such primes by Dirichlet's theorem.
In this paper we establish the following general theorem.
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Here we give a simple consequence of Theorem 1.1.
Corollary 1.1. (i) For each integer n 6, the least positive integer m such that 4k(4k − 1) (or 4k(4k + 1)) for k = 1, . . . , n are pairwise distinct modulo m, is just the least prime p ≡ 1 (mod 4) with p (8n−1)/3 (resp., p ≡ −1 (mod 4) with p (8n + 1)/3).
(ii) Let C 1 = 8, C 2 = 10, C 3 = 15 and C −2 = 5. For any r ∈ {±1, ±2} and integer n C r , the least positive integer m such that 10k(5k − r) for k = 1, . . . , n are pairwise distinct modulo m, is just the least prime p ≡ r (mod 5) with p (10n − r)/4.
As a supplement to Theorem 1.1, we are able to prove the following result for the cases d = 2, 3. Theorem 1.2. (i) For any integer n 5, the smallest positive integer m such that those 4k(2k − 1) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime or power of 2 not smaller than 4n − 1. Also, for any integer n 7, the smallest positive integer m such that those 4k(2k + 1) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime or power of 2 not smaller than 4n.
(ii) For any integer n 4, the smallest positive integer m such that those 6k(3k − 1) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime p ≡ 1 (mod 3) or power of 3 not smaller than 3n; for any integer n 5, the smallest positive integer m such that those 6k(3k+1) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime p ≡ 2 (mod 3) or power of 3 not smaller than 3n. Also, for any integer n 3, the smallest positive integer m such that those 6k(3k − 2) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime p ≡ 2 (mod 3) or power of 3 not smaller than 3n − 1, and for any integer n 8, the smallest positive integer m such that those 6k(3k + 2) (k = 1, . . . , n) are pairwise distinct modulo m is the least prime p ≡ 1 (mod 3) or power of 3 not smaller than 3n. Remark 1.2. As Theorem 1.2 can be proved by the method in [S] , and it is less important than Theorem 1.1, in this paper we omit its proof. We are also able to show that for any integer n 3 the smallest positive integer m such that 8k(2k − 1) (k = 1, . . . , n) are pairwise distinct modulo m is just the least prime p 4n − 1, and that for any integer n 9 the smallest positive integer m such that 8k(2k + 1) (k = 1, . . . , n) are pairwise distinct modulo m is just the least prime p 4n + 1.
To conclude this section we pose some new conjectures.
+ there is a positive integer n d such that for any integer n n d the least positive integer m satisfying
is just the first prime p 2n − 1 with p + 2d also prime. Moreover, we may take n 1 = 5, n 2 = n 3 = 6, n 4 = 10, n 5 = 9, n 6 = 8, n 7 = 9, n 8 = 18, n 9 = 11, n 10 = 9. Remark 1.3. A well known conjecture asserts that for any positive integer d there are infinitely many prime pairs {p, q} with p − q = 2d. Conjecture 1.2. Let n be any positive integer and take the least positive integer m such that
Then, each of m and m + 1 is either a power of two (including 2 0 = 1) or a prime times a power of two. We also have many other conjectures similar to Conjectures 1.1-1.3.
In the next section we provide some lemmas. Section 3 is devoted to our proof of Theorem 1.1.
Some lemmas
Lemma 2.1. Let c and d > 0 be relatively prime integers. For any ε > 0, if n ∈ Z + is large enough, then there is a prime p ≡ c (mod d) with 
It follows that
for all sufficiently large n ∈ Z + . This ends the proof. 
and hence
If q 2, then p jp = dq − c 2d − c < 3d n and
The proof of Lemma 2.2 is now complete.
Lemma 2.3. Let d > 2 and c ∈ (−d, d) be relatively prime integers, and let n 6d be an integer. Suppose that m ∈ [n, (d((2 + ε)n − 1) − c)/(d − 1)] is a power of two or twice an odd prime, where 0 < ε 2/(d − 2). Then, there are
If d is even and m is a power of two, then for k = 1 and l = m/4 + 1 n we have
If m = 2p with p an odd prime dividing d, then m | 2r(d) and hence the desired result holds trivially. Now suppose that d and m/2 are relatively prime. Then jd ≡ c (mod m/2) for some j = 1, . . . , m/2. If j 2, then
which contradicts m n. So 3 j m/2 and hence
This concludes the proof.
Proof of Theorem 1.1
Proof of Theorem 1.1. Let ε = 2/(max{11, d} − 2). By Lemma 2.1, there is an integer N 243 such that for any n N there is at least a prime p ≡ c (mod d) with Assume that m = m ′ . Then, m is not a prime by Lemma 2.2. By Lemma 2.3, m is neither a power of two nor twice an odd prime. So we have m = pq for some odd prime p and integer q > 2. Observe that
Now assume that p ∤ d. Then 2dk ≡ c − dq (mod p) for some 1 k p, and
by (3.2). If min{p, q} 5, then
since pq = m n 243 > 40. So we get a contradiction as desired.
(ii) Now assume 4 d 36. We want to show that n > M d suffices for the described result. By Table 1 
for all x 10 10 , where ϕ denotes Euler's totient function, θ(x; c, d) := p x log p with p prime, and ε 4 = 0.002238, ε 5 = 0.002785, ε 6 = 0.002238, ε 7 = 0.003248, ε 8 = 0.002811, Recall that ε = 2/(max{11, d} − 2). If n 10 10 /2, then we can easily check that and hence there is a prime p with
Let N d be the least positive integer such that for any n = N d , . . . , 10 10 /2 and any a ∈ Z relatively prime to d, the interval (2dn/(d−1), ( (2+ε) For n N = max{N d , 243}, we may apply part (i) to get the desired result. If M d < n max{N d , 243}, then we can easily verify the desired result via a computer.
In view of the above, we have completed the proof of Theorem 1.1.
